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Our goal is to show that the continuity of the solutions of monotone variational
inequalities with respect to perturbations is independent from the geometrical
properties of reflexive Banach spaces. Q 1999 Academic Press
In the last decade many papers dealt with the solution sensitivity of the
w xperturbed monotone variational inequalities 1, 7, 9, 11]13 . All the
methods in the above mentioned papers are based on the nonexpansivity
of the metric projection on closed, convex sets and on the relationship
between the normal cone and the metric projection. They are valid in
Hilbert spaces.
We will show, using only the properties of the mapping f and the local
 .behavior of the sets C l , that the sensitivity results hold in reflexive
Banach spaces. The pseudo or pseudo-Lipschitz continuity of the set-val-
ued mapping C allow us to focus our attention only on a neighborhood of
a fixed point x . Strengthening the pseudo-continuity by a continuity with0
respect to the Hausdorff distance does not change the local sensitivity of
 .the solutions. However, the straighter the boundaries of the sets C l and
their moving direction are, the better is the sensitivity for example in the
w x.case of translations of polyhedral sets 12 . Our result provides the best
lower bound for the expected modulus of continuity, regardless of the
 .properties of the boundary of C l .
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NOTE 383
First we prove the continuity of the solutions under a weaker assump-
tion than the strong-monotonicity. This is more useful in non-Hilbert
Banach spaces see the properties of the normalized duality mapping
w x.10, 14 .
 .In the forthcoming study, X will be a reflexive Banach space, L, d ,
 .V, d metric spaces. Let x g X, v g V, l g L, and their neighbor-0 0 0
hoods X of x , V of v , L of l . Let f : X = V ª X* be a0 0 0 0 0 0 0 0
single-valued mapping and C: L ª X be a set-valued mapping with0
nonempty, closed, convex values.
 .  .  .We denote by N x the normal cone to C l at x, by B x, r a closedC l.
 .ball, and by int B x, r its interior.
THEOREM. Let us suppose that:
 .  .  .a 0 g f x , v q N x ;0 0 Cl . 00
 .b f is continuous on X = V ;0 0
 .  .c the mappings f ?, v are strictly-monotone for all v g V , and0
 :f y , v y f x , v , y y x ª 0 « y ª x 1 .  .  .
uniformly with respect to v g V ;0
 .  .d C is pseudo-continuous around l , x , i.e., there exist neighbor-0 0
 .hoods U of x , V of l , and a function b : R ª R , with lim b r s 0,0 0 q q r ª 0
such that
C l l U ; C l q b d l , l B 0, 1 , 2 .  .  .  .  . .1 2 1 2
for all l , l g V.1 2
Then there exist neighborhoods L of l , V of v , and a unique continuous1 0 1 0
 .  .mapping x: V = L ª X , such that x v , l s x and x v, l is a1 1 0 0 0 0
solution of the ¨ariational inequality
0 g f x , v q N x , .  .Cl.
 .for all v, l g V = L .1 1
 .Proof. We choose positive constants s, r, « such that B x , s ; X ,0 0
 .  .   ..  .B l , « ; L , B v , r ; V , b d l, l F s for all l g B l , « and0 0 0 0 0 0
C l l B x , s ; C l q b d l , l B 0, 1 , .  .  .  .  . .1 0 2 1 2
 .for all l , l g B l , « .1 2 0
 .  .Let l g B l , « and v g B v , r be arbitrarily chosen. Then the0 0
inclusion
x g C l l B x , s ; C l q b d l, l B 0, 1 .  .  .  .  . .0 0 0 0
NOTE384
 .implies the existence of an element u g C l such thatl
5 5x y u F b d l, l F s. . .0 l 0
 .  .This means that C l l B x , s is nonempty, closed, convex, bounded for0
 . w xall l g B l , « . Corollary 32.35 from 14 shows that the variational0
inequality
0 g f x , v q N x .  .Cl.l B x , s.0
 .  .  .has a unique solution x v, l g C l l B x , s . So0
 :f x v , l , v , u y x v , l G 0, .  . .
 .  .for all u g C l l B x , s .0
The pseudo-continuity of the set-valued mapping C implies that for
 .  . 5  . 5x v, l there exists an element u g C l such that x v, l y u F0 0 0
  ..b d l, l .0
 .Using the monotonicity of the f ?, v , we obtain
 :0 F f x v , l , v y f x , v , x v , l y x .  .  . . 0 0
 : :F f x v , l , v y f x , v , x v , l y x q f x , v , u y x .  .  .  . . 0 0 0 0 0 0
 :q f x v , l , v , u y x v , l .  . . l
 : :s f x v , l , v , u y x q f x , v , u y x v , l .  .  . . l 0 0 0
 :q f x , v y f x , v , u y x .  .0 0 0 0 0
F f x v , l , v u y x q f x , v u y x v , l .  .  . . l 0 0 0
q f x , v y f x , v u y x . .  .0 0 0 0 0
 . 5  .5Assumption a implies that f x , v - `, and hence we can suppose0 0
5  .5  .  .that f x, v F M - `, for all x g B x , s and v g B v , r .0 0
We know also that
5 5u y x F u y x v , l q x v , l y x .  .0 0 0 0
F b d l, l q s F 2 s. . .0
So
 :0 F f x v , l , v y f x , v , x v , l y x .  .  . . 0 0
F 2 Mb d l, l q f x , v y f x , v 2 s. .  .  . .0 0 0 0
 .  .  .  .Assumption c implies that x v, l ª x , when v, l ª v , l . Thus0 0 0
 .  .we can choose neighborhoods V ; B v , r of v and L ; B l , « of1 0 0 1 0
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 .  .  .l such that x v, l g int B x , s , for all v, l g V = L . Hence0 0 1 1
0 g f x v , l , v q N x v , l , .  . .  .Cl.
because
N x v , l s N x v , l , .  . .  .Cl. Cl.l B x , s.0
 .for all v, l g V = L .1 1
 .  .Let us choose l , l g L and v , v g V . For x v , l g C l l1 2 1 1 2 1 1 1 1
 .  .B x , s there exists u g C l such that0 2 2
x v , l y u F b d l , l . .  . .1 1 2 1 2
 .  .  .  .For x v , l g C l l B x , s there exists u g C l such that1 2 2 0 1 1
x v , l y u F b d l , l . .  . .1 2 1 1 2
Then
 :0 F f x v , l , v y f x v , l , v , x v , l y x v , l .  .  .  . .  .1 1 1 1 2 1 1 1 1 2
 :F f x v , l , v y f x v , l , v , x v , l y x v , l .  .  .  . .  .1 1 1 1 2 1 1 1 1 2
 :q f x v , l , v , u y x v , l .  . .1 1 1 1 1 1
 :q f x v , l , v , u y x v , l .  . .1 2 1 2 1 2
 :s f x v , l , v , u y x v , l .  . .1 1 1 1 1 2
 :q f x v , l , v , u y x v , l .  . .1 2 1 2 1 1
F 2 Mb d l , l . . .1 2
 .  .Hence we obtain that x v , l ª x v , l , when l ª l , uniformly for1 1 1 2 1 2
all v g V .1 1
We have also that
 :0 F f x v , l , v y f x v , l , v , x v , l y x v , l .  .  .  . .  .1 2 1 2 2 1 1 2 2 2
 :F f x v , l , v y f x v , l , v , x v , l y x v , l .  .  .  . .  .1 2 1 2 2 1 1 2 2 2
 :q f x v , l , v , x v , l y x v , l .  .  . .1 2 1 2 2 1 2
 :q f x v , l , v , x v , l y x v , l .  .  . .2 2 2 1 2 2 2
 :s f x v , l , v y f x v , l , v , x v , l y x v , l .  .  .  . .  .2 2 2 2 2 1 1 2 2 2
F f x v , l , v y f x v , l , v x v , l y x v , l .  .  .  . .  .2 2 2 2 2 1 1 2 2 2
F f x v , l , v y f x v , l , v 2 s. .  . .  .2 2 2 2 2 1
 .  .Thus x v , l ª x v , l , when v ª v .1 2 2 2 1 2
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 .  .The two convergences imply the continuity of x ?, ? at v , l . This2 2
point has been chosen arbitrarily, so the continuity holds on V = L .1 1
 . w xRemark 1. If the mappings f ?, v are w-monotone 2 , i.e., there exists
 .  .a continuous function w : R ª R , with w 0 s 0 and w r ) 0 whenq q
r ) 0, such that
5 5 :f x , v y f x , v , x y x G w x y x , 3 .  .  . .1 2 1 2 1 2
 .for all x , x g X and v g V , or if the mappings f ?, v are w-uniformly1 2 0 0
w xmonotone 1, 10, 14 , i.e., there exists an increasing function w : R ª R ,q q
 .with w r ) 0 when r ) 0, such that
5 5 5 5 :f x , v y f x , v , x y x G w x y x x y x , 4 .  .  . .1 2 1 2 1 2 1 2
 .for all x , x g X and v g V , then assumption c is satisfied.1 2 0 0
In the case of a w-uniformly monotone mapping, we can evaluate the
modulus of continuity of the solutions from
5 5 5 5w x v , l y x v , l x v , l y x v , l .  .  .  . .1 1 1 2 1 1 1 2
F 2 Mb d l , l , . .1 2
and
5 5w x v , l y x v , l .  . .1 2 2 2
F f x v , l , v y f x v , l , v . .  . .  .2 2 2 2 2 1
Remark 2. If we suppose that f is Lipschitz continuous, i.e.,
5 5f x , v y f x , v F l x y x q md v , v , 5 .  .  .  .1 1 2 2 1 2 1 2
 .f ?, v is strongly monotone, i.e.,
5 5 2 :f x , v y f x , v , x y x G a x y x , a ) 0, 6 .  .  .1 2 1 2 1 2
 . w xand C is pseudo-Lipschitz around l , x with modulus L G 0 4 , i.e., C0 0
 . w xis pseudo-continuous with b r s Lr, as it is supposed in 7, 9, 11, 13 ,
then we obtain the same Holder continuity with exponent 1r2.È
Indeed, in this case
w r s ar , .
2
a x v , l y x v , l F 2 MLd l , l , .  .  .1 1 1 2 1 2
a x v , l y x v , l F md v , v . .  .  .1 2 2 2 1 2
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Hence
x v , l y x v , l .  .2 2 1 1
F x v , l y x v , l q x v , l y x v , l .  .  .  .2 2 1 2 1 2 1 1
1
22 ML m
F d l , l q d v , v . .  .1 2 1 2 /a a
We will give two examples showing the applicability of our theorem.
EXAMPLE 1. Let X be a reflexive Banach space with X and X* locally
uniform convex, let x , l , X , L , C be as in our theorem, and let u g X0 0 0 0
 .be a fixed point such that x s P u , the metric projection of u on0 Cl .0
 . w xC l . In 11 it is proved that in the case of a Hilbert space and of a0
 .  .pseudo-Lipschitz mapping C around l , x , the metric projections x l0 0
 .of u on C l are Holder continuous with exponent 1r2 in a neighborhoodÈ
w xof l , and in 3 a Holder continuity with exponent 1rp is proved inÈ0
 p . p ..Banach spaces of type p as L D , l N .
 .We can prove the continuity of the metric projections x l using our
theorem, because they are the solutions of the variational inequality
0 g yJ u y x q N x . .  .Cl.
The normalized duality mapping J, which is continuous from the strong
 .topology of X to the strong topology of X*, verifies the assumption c of
the theorem.
When X is uniformly convex, then J is w -uniformly monotone in eachr
 . w xball B 0, r 10 , so we can use the evaluations from Remark 1 and as
w xconsequences we get the results from 3, 11 .
EXAMPLE 2. The following variational inequality represents a per-
 w x.turbed obstacle problem with constraints on the derivatives see 5, 6, 8 .
Let D ; R n be bounded and connected with smooth boundary. We
 .consider a family E , l g l y « , l q « ; R, of measurable subsets ofl 0 0
 .D and a function a : R ª R , with lim a r s 0, such thatq q r ª 0
< <meas E _ E F a l y l , . .l l 1 21 2
 .for all l , l g l y « , l q « .1 2 0 0
1, p .Let p G 2, c g W D , and0
C l s u g W 1, p D : u x G c x a.e. on E .  .  .  . 0 l
5 5 nand =u x y =c x F 1 a.e. on D . .  . 4R
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1, p . y1, p .We use the mapping A: R = W D ª W D defined byq 0
py2n ­ u ­ u ­ ¨
 :A v , u , ¨ s q v u¨ dx. . H  /­ x ­ x ­ xD i i iis1
 .  . py1 w xThe mappings A v, ? are w-uniformly monotone, with w r s cr 14
and A is continuous.
 .In order to show that the set-valued mapping C ? satisfies a continuity
condition with respect to the Hausdorff distance, let l , l g l y « , l1 2 0 0
.  .  .q « and u g C l . We can take u g C l defined by1 1 2 2
u x for x g E j D _ E j E , .  . .1 l l l1 1 2u x s .2  c x for x g E _ E . . l l2 1
Then
pn ­ u y c .1p
1 , p5 5 < <u y u s dx F a l y l . .W D . H2 1 1 20 ­ xE _E il l is12 1
 .  .1r pThe function b can be defined as b r s a r . Let us suppose that
 .u g C l satisfies0 0
 :A 0, u , ¨ y u G 0 for all ¨ g C l . .  .0 0 0
 .We can use now Theorem 1 to show that the solutions u v, l of the
variational inequality
 :A v , u , ¨ y u G 0 for all ¨ g C l , .  .
w .  .are continuous on 0, ` = l y « , l q « , for an « ) 0 sufficiently0 1 0 1 1
small.
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